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triply even codes 2
[2]
doubly even code triply even code
$\mathbb{F}_{2}=\{0,1\}$ $\mathbb{F}_{2}^{n}$ $k$ $C$ $[n, k]code$ $x=$
$(x_{1}, x_{2}, \ldots, x_{n})\in C$ $wt(x);=|supp(x)|;=|\{i\in\{1,2, \ldots, n\}|x_{i}\neq 0\}|$
Hamming weight $x:=(x_{1}, x_{2}, \ldots, x_{n}),$ $y:=(y_{1}, y_{2}, \ldots, y_{n})\in \mathbb{F}_{2}^{n}$
$x\cdot y=x_{1y_{1}}+X_{2y_{2}}+\cdots+x_{n}y_{n}$ $C$ C’ code $C$
$C’$ $C\cong C’$
1. (i) $[n, k]$ code $C\subset \mathbb{F}_{2}^{n}$ doubly even code $x\in C$
wt $(x)\equiv 0(mod 4)$
(ii) Doubly even code $C$ $C’\supsetneq C$ doubly even code $C’$
(iii) $[n, k]$ code $C\subset \mathbb{F}_{2}^{n}$ self dual code $C=C^{\perp}:=\{x\in \mathbb{F}_{2}^{n}|x\cdot y=$
$0$ $(\forall y\in C)\}$
doubly even code triply even code
2. (i) $[n, k]$ code $C\subset \mathbb{F}_{2}^{n}$ triply even code $x\in C$
wt $(x)\equiv 0(mod 8)$
(ii) Triply even code $C$ $C’\supsetneq C$ triply even code $C’$




3. $n\equiv 0(mod 8)$
(i) $C\subset \mathbb{F}_{2}^{n}$ doubly even code
(ii) $C\subset \mathbb{F}_{2}^{n}$ doubly even self dual code
(iii) $C\subset \mathbb{F}_{2}^{n}$ doubly even code $\dim C=\frac{n}{2}$
3 doubly even code
triply even code
$C\subset \mathbb{F}_{2}^{n_{1}},$ $D\subset \mathbb{F}_{2^{2}}^{n}$ codes
$C\oplus D:=\{(x_{1,\ldots,n}x_{1}, y_{1}, \ldots, y_{n2})\in \mathbb{F}_{2}^{n_{1}+n}2|(x_{1}, \ldots, x_{n_{1}})\in C, (y_{1}, \ldots, y_{n_{2}})\in D\}$
$M$ $(k_{1}, n_{1})$ $N$ $(k_{2}, n_{2})$
$C=\{(a_{1}, \ldots, a_{k_{1}})M|(a_{1}, \ldots, a_{k_{1}})\in \mathbb{F}_{2}^{k_{1}}\},$
$D=\{(b_{1}, \ldots, b_{k_{2}})N|(b_{1}, \ldots, b_{k_{2}})\in \mathbb{F}_{2}^{k_{2}}\}$
$C\oplus D=\{(c_{1}, \ldots, c_{k_{1}+k_{2}})(+_{0N}^{M0}) (c_{1}, \ldots, c_{k_{1}+k_{2}})\in \mathbb{F}_{2}^{k_{1}+k_{2}}\}$
code 2 codes
$C,$ $D\subset \mathbb{F}_{2}^{n}$ codes $(x_{1}, \ldots, x_{n})*(y_{1}, \ldots, y_{n})$ $:=(x_{1}y_{1}, \ldots, x_{n}y_{n})$
$C*D :=\langle x*y|x\in C, y\in D\rangle$
rad $C$ $:=\{x\in C^{\perp}|\forall y\in C, wt(x*y)\equiv 0 (mod 4)\}$
Rad $C$ $:=\{x\in$ rad $C|$ wt $(x)\equiv 0$ $(mod 8)\}$
4. $C\subset \mathbb{F}_{2}^{n}$ code
Rad $C\subset$ rad $C\subset(C*C)^{\perp}\subset C^{\perp}$
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$C=\{x*x|x\in C\}$ $C\subset C*C$ $(C*C)^{\perp}\subset C^{\perp}$
rad $C\subset(C*C)^{\perp}$ $x\in$ rad $C,$ $y,$ $z\in C$ wt$(x*(y+z))=$ wt $(x*$
$y)+$ wt $(x*z)-2$ wt $(x*y*z)$ wt $(x*y*z)\equiv 0(mod 2)$
$x\in(C*C)^{\perp}$
doubly even code
5. $C=\oplus_{i=1}^{m}C_{i}\subset \mathbb{F}_{2}^{n}$ doubly even self dual code $C_{i}\subset \mathbb{F}_{2}^{n_{i}}$
$\bigoplus_{i=1}^{m}\langle 1_{n_{i}}\rangle=$ Rad $C=$ rad $C=(C*C)^{\perp}$
$1_{n_{i}}=(1, \ldots, 1)\in \mathbb{F}_{2}^{n_{i}}$
$C$ code
$x\in(C*C)^{\perp}\Leftrightarrow\forall y,$ $z\in C$ , wt $(x*y*z)\equiv 0$ $(mod 2)$
$\Leftrightarrow\forall y\in C, x*y\in C^{\perp}$
$(C*C)^{\perp}*C\subset C^{\perp}$ $C$ doubly even code
$C= \bigoplus_{i=1}^{m}\langle 1_{n_{i}}\rangle*C\subset$ (rad $C$ ) $*C\subset(C*C)^{\perp}*C\subset C^{\perp}$
$\dot{>}$
$C=C^{\perp}$
$\oplus_{i=1}^{m}\langle 1_{n_{i}}\rangle=$ Rad $C=(C*C)^{\perp}$
Triply even code
6. $n\equiv 0(mod 16),$ $C\subset \mathbb{F}_{2}^{n}$ triply even code
$C\subset$ Rad $C$
$C$ triply even code $x,$ $y\in C$ wt $(x)\equiv 0(mod 8)$ $wt(x+$
y$)$ $=$ wt $(x)+$ wt $(y)-2$ wt $(x*y)$ wt $(x*y)\equiv 0(mod 4)$
$C\subset$ Rad $C$
Triply even code
7. $n\equiv 0(mod 16),$ $C$ $\mathbb{F}_{2}^{n}$ triply even code
(i) $C$ triply even code
(ii) $C=$ Rad $C.$
$x\in \mathbb{F}_{2}^{n}$ $C$ triply even code $\langle C,$ $x\rangle$ triply even code
$x\in$ Rad $C\cap(C*C)^{\perp}$ Rad $C\cap(C*C)^{\perp}=$ Rad $C$
$C$ triply even $C\supset$ Rad $C$
$C=$ Rad $C$
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3 Triply even code
2 triply even code
3.1 1 doubly even self dual code
doubly even self dual code triply even code
$C\subset \mathbb{F}_{2}^{n}$ doubly even self dual code $R$ Rad $C$
$m:=\dim$(Rad $C$) $(m, n)$ $R$
Rad $C=\{(x_{1}, \ldots, x_{m})\cdot R|(x_{1}, \ldots, x_{m})\in \mathbb{F}_{2}^{m}\}$
$M$ $C$ $(k, n)$ $M$
$C=\{(x_{1}, \ldots, x_{k})\cdot M|(x_{1}, \ldots, x_{k})\in \mathbb{F}_{2}^{k}\}$
$\tilde{\mathcal{D}}(C)\subset \mathbb{F}_{2}^{m+k}$
$\tilde{\mathcal{D}}(C):=\{(x_{1}, \ldots, x_{m+k})\cdot(\begin{array}{ll}0 RM M\end{array}) (x_{1}, \ldots, x_{m+k})\in \mathbb{F}_{2}^{m+k}\}$




$C_{i}=\{(x_{1}, \ldots, x_{k_{i}})\cdot M_{i}|(x_{1}, \ldots, x_{k_{t}})\in \mathbb{F}_{2}^{k_{i}}\}\subset \mathbb{F}_{2}^{n_{i}}$
5
$\langle 1_{n_{i}}\rangle^{\perp}=C_{i}*C_{i}=\{(xx_{n})\cdot M_{i}’|(x_{1}, \ldots, x_{n_{i}-1})\in \mathbb{F}_{2}^{n_{i}-1}\}\subset \mathbb{F}_{2}^{n_{i}}$
$\tilde{\mathcal{D}}(C_{i})=\{(x_{1}, \ldots, x_{k_{i}+1})\cdot(\begin{array}{ll}0 1_{n_{i}}M_{i} M_{i}\end{array}) (x_{1}, \ldots, x_{k_{i}+1})\in F_{2}^{k_{i}+1}\}$
$\tilde{\mathcal{D}}(C_{i})*\tilde{\mathcal{D}}(C_{i})=\{(x_{1}, \ldots, x_{k_{i}+n_{i}-1})\cdot(\begin{array}{ll}0 M_{i}M_{i}’ M_{i}\end{array})$ $(x_{1}, \ldots, x_{k_{i}+n.-1})\in \mathbb{F}_{2}^{k_{i}+n_{i}-1}\}$
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$(\begin{array}{ll}0 1_{n_{i}}M_{i} M_{i}\end{array})(\begin{array}{ll}0 M_{i}M_{i}’ M_{i}\end{array})=0$




4, 7 $\tilde{\mathcal{D}}(C_{i})$ triply even code $\square$
doubly even self dual code$C$ triply even code $(C)$
$C$ $m$
$C\cong\oplus_{i=1}^{m}C_{i}$ $C$ $\dim\tilde{\mathcal{D}}(C)=m+\dim C$
triply even code
3.2 2triangular graph
triangular graph triply even code
triangular graph
9. $n$ $\Omega:=\{1,2, \ldots, n\}$ graph $T_{n}$ $V(T_{n})$ $E(T_{n})$
$T_{n}$ triangular graph
$V(T_{n}):=(\begin{array}{l}\Omega 2\end{array})=\{\alpha\subset\Omega||\alpha|=2\}$
$E(T_{n}):=\{(\alpha, \beta)\in(\begin{array}{l}\Omega 2\end{array})\cross(\begin{array}{l}\Omega 2\end{array})||\alpha\cap\beta|=1\}$
$A$ graph T $V(T_{n})=\{\alpha_{1}, \ldots, \alpha_{t}\}$ $(t=(\begin{array}{l}n2\end{array}))$
$A_{ij}=\{\begin{array}{ll}0 if |\alpha_{i}\cap\alpha_{j}|\neq 11 if |\alpha_{i}\cap\alpha_{j}|=1\end{array}$
143
$C(T_{n})\subset$
$C(T_{n}):=\{(x_{1}, \ldots, x_{t})\cdot A|(x_{1}, \ldots, x_{t})\in \mathbb{F}_{2}^{t}\}$
$A$ weight $2(n-2)$
triangular graph
10. $n\equiv 2(mod 4)$ $C(T_{n})$ $n-2$ triply even code
11. $n\equiv 2(mod 4)$
$\dim(C(T_{n})*C(T_{n}))=\frac{(n-1)(n-2)}{2}$
$v_{i}\in \mathbb{F}_{2}^{t}$ $supp(v_{j})=\{i\in\{1, \ldots, t\}|i\in\alpha_{i}\}$ $\{v_{1}+v_{n},$ $v_{2}+$
$v_{n},$ $\ldots$ , $v_{n-2}+v_{n}\}$ $C(T_{n})$ $\{v_{1}+v_{n},$ $v_{2}+v_{n},$ $\ldots$ , $v_{n-2}+$
$v_{n}\}\cap\{(v_{i}+v_{n})*(v_{j}+v_{n})|1\leq i<i\leq n-2\}$ $C(T_{n})*C(T_{n})$
$\dim(C(T_{n})*C(T_{n}))=\frac{(n-1)(n-2)}{2}$ $\square$
$C(T_{n})$
12. $n\equiv 2(mod 4)$ $(C(T_{n})*C(T_{n}))^{\perp}=C(T_{n})+\langle 1_{t}\rangle$ $C(T_{n})$
triply even code
$x,$ $y,$ $z\in C(T_{n})$ $wt(x*y*z)\equiv 0(mod 2)$ $(C(T_{n})*C(T_{n}))^{\perp}\supset$
$C(T_{n})+\langle 1_{t}\rangle$
$(C(T_{n})*C(T_{n}))^{\perp}=C(T_{n})+\langle 1_{t}\rangle$
$t= \frac{n(n-1)}{2}\equiv 1(mod 2)$
Rad $C(T_{n})=(C(T_{n})*C(T_{n}))^{\perp}\cap$ Rad $C(T_{n})=C(T_{n})$
7 $C(T_{n})$ triply even code
$C(T_{n})$ $B$ $B$ $(n-2, t)$
$C(T_{n}):=\{(x_{1}, \ldots, x_{n-2})\cdot B|(x_{1}, \ldots, x_{n-2})\in \mathbb{F}_{2}^{n-2}\}$
$l:=8 \lceil\frac{t}{8}\rceil,$ $l’:=l-t$ $\hat{C}(T_{n})$
$\hat{C}(T_{n}) :=\langle 1_{l}\rangle+C(T_{n})\oplus 0_{l’}$
$=\{(x_{1}, \ldots, x_{n-1})\cdot(+_{B0}^{1_{t}1_{l’}}) (x_{1}, \ldots, x_{n-1})\in \mathbb{F}_{2}^{n-1}\}$









Rad $\hat{C}(T_{n})=(\hat{C}(T_{n})*\hat{C}(T_{n}))^{\perp}\cap$ Rad $\hat{C}(T_{n})=\hat{C}(T_{n})$
7
4
2 triply even code
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